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C. Reutenauer (Adv. in Math. 110 (1995), 234246) has defined a new class of
symmetric functions q* indexed by partitions *. He conjectures that for n2,
&q(n) is the sum of Schur symmetric functions. This paper provides a proof of his
conjecture.  1996 Academic Press, Inc.
1. q* Symmetric Functions
The symmetric function terminology in this note follows that of [M]. In
particular, s* is the Schur symmetric function corresponding to the parti-
tion *. In [R], Reutenauer defined the following new class of symmetric
functions.
Definition. Recursively define q(n) by
:
*Vn
q*=s(n) (V)
where q*=q*1 q*2 } } } .
Example 1.
q(1)=s(1)
q(2)=s(2)&q1 , 1)
=s(2)&s(1)s(1)
=&s(1 , 1)
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q(3)=s(3)&q(2 , 1)&q(1 , 1 , 1)
=s(3)&s(1)(&s(1 , 1))&(s(1))3
=&s(2 , 1)
q* is a homogenous symmetric function of degree |*|, and [q* : * V n]
forms a basis for 4n, the ring of symmetric functions of homogenous degree
n. In [R], the following conjecture is made.
Conjecture 1.1 (Reutenauer). For n2, the symmetric function &q(n)
is a sum of Schur symmetric functions.
Reutenauer is able to prove this for the case where n is a power of 2 by
explicitly describing the Sn-representation whose image under the charac-
teristic map is &q(n) .
2. Proof of Reutenauer's Conjecture
For 1kn, define the following symmetric functions:
f (n, k)= :
min(*i)k
*Vn
q* ,
g(n, k)= :
min(*i)=k
*Vn
q* .
The following proposition collects together four easy observations about
these symmetric functions.
Proposition 2.1. (1) f (n, 1)=s(n) ,
(2) f (n, n)=q(n) ,
(3) g(n, k)=q(k) f (n&k, k),
(4) f (n, k)=ni=k g(n, k)=
n
i=k q(k) f (n&k, k).
Proof. (1) is a restatment of (V). The others follow directly from the
definitions of f (n, k) and g(n, k). K
Theorem 2.2. For k2, the symmetric function &f (n, k) is the sum of
Schur symmetric functions.
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Proof. Proof by induction on n. The case n=2 is done in Example 1.
:
*Vn
q*=s(n)
O :
min(*i)k
*Vn
q*+ :
min(*i)<k
*Vn
q*=s(n)
O &f (n, k)=&s(n)+ :
min(*i)<k
*Vn
q*
=&s(n)+ :
1i<k
g(n, i )
=&s(n)+ :
1i<k
q(i) f (n&i, i)
=q(1) f (n&1, 1)&s(n)+ :
2i<k
(&f (i, i))(&f (n&i, i))
=s(1)s(n&1)&s(n)+ :
2i<k
(&f (i, i))(&f (n&i, i))
=s(n&1, 1)+ :
2i<k
(&f (i, i))(&f (n&i, i))
The last step uses the fact that s(1)s(n&1)=s(n)+s(n&1, 1) . This follows from
the LittlewoodRichardson Rule (see [M]). By the induction hypothesis,
&f (i, i) and &f (n&i, i) are the sum of Schur symmetric functions for i2.
Since the product of Schur symmetric functions can be written as the sum
of Schur symmetric functions (the LittlewoodRichardson Rule again), the
last line is the sum of Schur symmetric functions. K
Conjecture 1.1 is the special case of Theorem 2.2 with n=k2.
Scharf and Thibon [ST] have independently obtained a similar proof of
Conjecture 1.1.
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